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Optomechanical systems show tremendous promise for high sensitivity sensing of forces and mod-
ification of mechanical properties via light. For example, similar to neutral atoms and trapped ions,
laser cooling of mechanical motion by radiation pressure can take single mechanical modes to their
ground state. Conventional optomechanical cooling is able to introduce additional damping channel
to mechanical motion, while keeping its thermal noise at the same level, and as a consequence,
the effective temperature of the mechanical mode is lowered. However, the ratio of temperature to
quality factor remains roughly constant, preventing dramatic advances in quantum sensing using
this approach. Here we propose an approach for simultaneously reducing the thermal load on a
mechanical resonator while improving its quality factor. In essence, we use the optical interaction
to dynamically modify the dominant damping mechanism, providing an optomechanically-induced
effect analogous to a phononic band gap. The mechanical mode of interest is assumed to be weakly
coupled to its heat bath but strongly coupled to a second mechanical mode, which is cooled by
radiation pressure coupling to a red detuned cavity field. We also identify a realistic optomechanical
design that has the potential to realize this novel cooling scheme.

PACS numbers: 42.50.Wk, 07.10.Cm, 42.50.Lc, 42.50.Dv

Recent years have seen dramatic experimental and the-
oretical progress in optomechanics [1, 2], ranging from
ground state cooling [3] and squeezing [4, 5] to quan-
tum nonlinear optomechanics [6–11]. These advances
rely upon improvements in optomechanical coupling, par-
ticularly the single phonon-single photon coupling rate,
and upon increasing mechanical quality factor, which en-
ables lower heat loads and corresponds to higher sensitiv-
ity and longer quantum coherence times. However, the
longer-term target of single photon nonlinear optics with
optomechanical systems remains out of reach. Further-
more, for many sensing applications, the thermal noise
remains a fundamental limit for relevant resonator de-
signs, regardless of progress in the use of quantum cor-
relations [4, 5, 12], as typically the signal to be sensed
is transduced to a force on the mechanical system which
is in competition with the quantum Brownian motion-
induced Langevin force from the thermal bath.

In the present work, we shall focus on thermal noise
reduction for mechanical resonators, utilizing the stan-
dard tool box provided by optomechanics. This is cru-
cial for improving the signal-to-noise ratio of mechanical
devices, operating either in the classical regime or in the
quantum regime. We are motivated by recent advances
in phononic-band gap engineering as a principle for im-
proved quality factor [13–15] – but here, we engineer the
band-gap via the optomechanical interaction, rather than
during fabrication. Specifically, we introduce a generic
coupled-oscillator model to describe mechanical systems
whose damping is primarily via elastic wave radiation
through the boundary, i.e., clamping loss. We then con-
sider how optomechanical coupling to the clamping re-
gion enables dynamical control over the coupled mechan-

ical resonator. This leads to the counterintuitive out-
come: increasing optical power simultaneously reduces
the temperature and linewidth of the mechanical mode,
in contrast to direct optomechanical cooling. After intro-
ducing this model, we describe a specific resonator design
that enables testing of these concepts using current tech-
niques, and analyze the regime in which clamping losses
are likely to dominate, finding that a low temperature
and high mechanical frequencies our approach may find
wide application.
Toy model– We consider a toy model of two coupled

quantum harmonic oscillators with annihilation opera-
tors a and b, resonant frequencies ωa and ωb, and a cou-
pling strength between them λ. Each harmonic oscillator
is also coupled to its own heat bath at temperature Ta
and Tb with rates γa and γb. In addition, optomechanical
cooling is introduced to oscillator b via coupling to a red
detuned optical mode c with frequency ωc and damping
κ, as shown in Fig. (1).

a b

c

FIG. 1. (color online). Schematic of the coupled harmonic
oscillator system, with optomechanical cooling on oscillator
b. We are interested in the regime where a couples weakly to
its heat bath, which means γa � λ, γb.

The effective Hamiltonian of the three mode system
when pumped with a laser follows immediately (with ~ =
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1, and neglecting the weak nonlinear correction):

Heff = (−∆− iκ
2

)c†c+ (ωa − i
γa
2

)a†a+ (ωb − i
γb
2

)b†b

+λ(a+ a†)(b+ b†)− αg0(b+ b†)(c+ c†). (1)

where α = E/(i∆ − κ/2) is the pump-induced coherent
state in the optical cavity and assumed to be real without
loss of generality (by choosing an appropriate phase for
the pump strength E), g0 is the quantum optomechanical
coupling, and ∆ = ωp − ωc is the detuning of the pump
laser. We consider ωa ∼ ωb ∼ −∆, so under the rotating
wave approximation, the Heisenberg-Langevin equations
in the input-output formalism are as follows:

ċ = i∆c− κ

2
c+ iαg0b+

√
κcin, (2a)

ȧ = −iωaa−
γa
2
a− iλb+

√
γaain, (2b)

ḃ = −iωbb−
γb
2
b− iλa+ iαg0c+

√
γbbin. (2c)

This set of linear equations can be solved by moving to
the frequency domain. We successively solve for c(ω),

then b, then a. For example, c(ω) = iαg0b+
√
κcin

−i(ω+∆)+κ/2 . We

immediately set c ≈ 1
αg0

(iΓ
2 b +

√
Γcin) in the sideband-

resolved limit with |∆ + ω| � κ/2 where Γ = 4|αg0|2/κ
is the optically-induced damping of mode b. Continuing,
we find

χ−1
b b(ω) =

√
γbbin + i

√
Γcin (3a)

where χb = [−i(ω − ωb) + (γb + Γ)/2]
−1

(3b)

is the susceptibility of mode b for λ = 0.
Finally, we find for mode a

χ−1
a a =

√
γaain − iχbλ

(√
γbbin + i

√
Γcin

)
(4a)

with χa =
[
−i(ω − ωa) + γa/2 + χbλ

2
]−1

(4b)

Examining these equations, we see that mode a’s reso-
nant response, as described by the susceptibility χa, have
a frequency and damping that depend, via λ2χb, upon
the properties of the optomechanically damped mode b.
Specifically, examining the real and imaginary compo-
nents, we have

ω′a = ωa +
λ2(ω − ωb)

(ω − ωb)2 + (γb + Γ)2/4
, (5a)

γ′a = γa +
λ2(γb + Γ)

(ω − ωb)2 + (γb + Γ)2/4
, (5b)

Let us examine the particular scenario when the coop-

erativity between a and b satisfies Cab ≡ 4λ2

γaγb
� 1 and

γb+Γ
γa
� Cab. This corresponds to the intrinsic damping

of mode a being dominated by its coupling through b to
b’s bath, while simultaneously being able to examine b’s
response as broader than a’s. We will further focus on

|ωb − ωa| � γb + Γ, as provides the maximum modifica-
tion of damping. This allows us to expand ω′a ≈ ωa and

γ′a ≈ γa + Γa with Γa ≡ 4λ2

γb+Γ . We finally get

a ≈

√
γaain + i

√
Γa

(
γb

γb+Γ

)
bin +

√
Γa

(
Γ

γb+Γ

)
cin

−i(ω − ωa) + (γa + Γa)/2
(6)

This regime (damping of a primarily via mode b, which
in turn is damped optically by a sideband-resolved cou-
pling to mode c) lets us examine the effective tempera-
ture. Specifically, using the input noise correlations of
bin in the frequency domain,〈

b†in(ω)bin(ω′)
〉

= n̄δ(ω + ω′) (7a)〈
bin(ω)b†in(ω′)

〉
= (n̄+ 1)δ(ω + ω′) (7b)

where n̄ = 1/(e~ω/kBT −1) is the average phonon occupa-
tion number of a harmonic oscillator of frequency ω when
it is in thermal equilibrium with a heat bath at temper-
ature T . We have the same for ain and for cin, though
we assume T = 0 for the last, while Ta = Tb = T for the
first two. Now we find the average position fluctuation
neff+1/2 ≡

〈
(a+ a†)2

〉
/2 (since 〈n| (a+a†)2 |n〉 = 2n+1)

to be

neff =
γan̄+ Γa

(
γb

Γ+γb
n̄
)

γa + Γa
(8)

where n̄ is evaluated at ωa. This expression is also consis-
tent with the result from detailed balance relation [16].
We can minimize this occupation by a setting the op-
tomechanical cooperativity COM ≡ Γ/γb of b to

COM → C∗OM ≡
√

1 + Cab ,

which gives

n∗eff

n̄
=

2

1 +
√

1 + Cab
.

Thus in principle even ground state cooling is achiev-
able, if the mechanical oscillator cooperativity Cab &
16n̄2. Curiously, this cooling arises with reduction of
the linewidth of mode a, with the limiting linewidth
γa + Γ∗a = γa

√
1 + Cab.

Finally, to confirm these approximations, we numer-
ically examine the same regime, but without making
the rotating wave approximation or any narrowband
approximations – this enables us to include counter-
rotating terms and their associated heating. We plot
the rescaled position fluctuation spectrum Sxx(ω) =∫ +∞
−∞ dteiωt 〈x(t)x(0)〉 and rescaled effective temperature

Teff/T below in Fig. (2). We find that when g0α, λ �
ωa, ωb our approximate theory and the exact results are
in agreement.
Example implementation– To design an optome-

chanical system that captures the main features of the
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FIG. 2. (color online). (a) Rescaled position fluctuation
spectrum for different values of optomechanical cooperativ-
ity COM, with the mechanical oscillator cooperativity chosen
as Cab = 8; (b) Rescaled effective temperature as a function
of COM for Cab = 50 and different values of |(ωa − ωb)| /γb.

toy model, we need three basic components: i) two cou-
pled mechanical resonators; ii) one resonator is limited
by thermoelastic damping, and the other is limited by
clamping loss; iii) optomechanical cooling primarily on
the second resonator. With these goals in mind, we can
design a system that is shown in Fig. (3). In this design,
there are two nearly identical quarter-wave mechanical
resonators on the left arm and right arm of a large beam
resonator, denoted as aL and aR. The lengths of the two
arms may not be exactly the same (or the left-right sym-
metry may be broken by defects). This asymmetry leads
to different resonant frequencies for the two resonators,
with ωL = ω0(1 + ε) and ωR = ω0(1 − ε), as shown in
Fig. (3).

To examine the mode structure, we consider coupling
between the left and right sides through the support
structure with a strength J . We see that symmetrical
coupling of aL and aR through the support leads to nor-
mal modes a = 1/

√
2(aL + aR) and b = 1/

√
2(aL − aR),

with the former having no clamping loss for ε = 0 and
the latter a clamping loss γb ≈ J2ρ (by Fermi’s golden
rule). Physically, the symmetric mode has destructive
interference which prevents excitation of support struc-
ture and the associated clamping loss, analogous to the
reduction in damping observed in tuning-fork resonators,
which can be seen in Fig. (3d) below.

Meanwhile, the asymmetry couples a and b together
with a rate λ = εω0. In addition, there can be some
intrinsic damping of mode a via, e.g., thermoelastic loss
with a rate γa, while we account for most of the damping
of b via clamping loss to the quasi-mode with rate γb.
Under the rotating wave approximation, the mechanical
parts of the Hamiltonian are the same as those in Eq. (1).

In our proposed structure, the optical mode c is, e.g.,
a photonic crystal cavity in the center of the beam
(the support structure) and is coupled strongly to the
antisymmetric mode, as shown in the simulation be-
low in Fig. (3b). We notice that the coupling rate
λ is proportional to the dimensionless asymmetry ε =

displacement [arb.] 
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FIG. 3. (color online). (a) Optomechanical design consist-
ing of two similar quarter-wave beam resonators, nominal
length L0, coupled through a center support region, width
w, containing a photonic crystal optical structure. (b) Sim-
ulated symmetric (top) and antisymmetric (bottom) eigen-
modes, ε = 0. Insets show the strain deformation of a single
photonic defect (envisioned as part of a photonic crystal res-
onator) that would lead to a strong strain-induced optome-
chanical coupling only for the antisymmetric mode. (c,d) As
the asymmetry, ε, is increased, the antisymmetric and sym-
metric modes are increasingly coupled, shifting the simulated
eigenfrequencies and clamping losses (red squares, blue cir-
cles), consistent with fits to the theoretical model of Eq. (1)
(black). Simulation parameters are L0=20 µm, h=0.3 µm,
and w = 0.5 µm, corresponding to ω0 = 2π × 1.102 MHz
and γb/2 = 2π × 70 Hz clamping loss for an individual arm
fabricated from silicon nitride.

|LL − LR| /(LL+LR) in the length of the two arms of the
beam resonator. In principal, λ could be engineered in a
wide range by fabricating resonators of different geome-
tries or by temperature tuning of the length and speed
of sound in the material.

As the toy model suggests, the damping of oscillator
a is assumed very weak (γa � γb, λ), so that the op-
tomechanical cooling of oscillator b could be effectively
“exported” to a through phonon tunneling. This nat-
urally leads us to the question: what kind of oscillator
design has this property? There are two main sources
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of mechanical damping in micro- and nano-mechanical
resonators [17]: i) Boundary damping, or clamping loss,
e.g elastic wave radiation from the material to its base
through the boundary, and ii) material damping, which
includes thermoelastic damping (TED), phonon-phonon
interactions. The clamping loss represents the coupling
from a resonator to its base, since phonons are exchanged
through the boundary, while thermoelastic damping is
the major contribution to the internal damping rate of a
resonator.

Clamping loss has been studied extensively in the liter-
ature [18–21]. For a beam resonator where the thickness
of the beam resonator is much smaller than the wave-
length of the elastic wave propagating in its support, the
flexural vibration can be described using the ideal beam
theory. The support of clamping-free (C-F) beam res-
onators is usually modeled as semi-infinite and infinite
thin-plate, respectively, with the same thickness as the
beam resonator; all the vibration energy of a beam res-
onator entering the support structure is considered to be
lost. It is the vibrating shear force that induces this en-
ergy loss. In [19], they studied the clamping loss using
elastic wave radiation theory and found the quality factor
of clamping-free (C-F) beam resonators to be:

QC−F ∝ (L/h)
2

(9)

where L is the length of the beam and h is its width.
Secondly, we look at the thermoelastic damping [22,

23]. Phonons traveling through a large elastic material
will experience damping due to their nonlinear interac-
tion with a surrounding bath of phonons. In the dif-
fusive regime where the mean free path of these ther-
mal phonons is much smaller than the wavelength of the
acoustic mode, the interaction between the phonon mode
and the thermal bath is captured by the material’s ther-
mal expansion coefficient (TEC), defined as α ≡ 1

L
∂L
∂T ,

which is temperature dependent. According to [24], the
quality factor corresponding to this damping mechanism
is given by

Q−1
TED =

Eα2T

Cp
f(h/h0), (10)

where E is the material’s Young’s modulus, T is the tem-
perature, Cp is the heat capacity at constant pressure,
and f(h/h0) is a beam geometry function parametrized
by a critical beam width h0.

A detailed numerical estimate of these losses for a spe-
cific mechanical resonator such as SiN is possible, but
here we remark that for short beams, the clamping loss,
which grows as h2/L2, will always tend to dominate over
the thermoelastic damping. For example, for a resonator
with frequency Ω/2π = 1 MHz, we have h0 = 6.546 mm.
When h� h0, we find f(h/h0)→ 5h2/h2

0, which gives us
a very high QTED (well beyond the usual material limits).
Analysis of force sensing– The proposed scheme for

reducing the thermal load of the mechanical oscillator is
useful for force sensing, where thermal noise is a main
obstacle towards building ultra-sensitive force detection

devices. Specifically, we now show that we can achieve
a lower thermal noise floor than is possible with conven-
tional optomechanical cooling.

There exist a simple relation between the ultimate sen-
sitivity (in units of N/

√
Hz) for a mechanics based device

and its thermal noise level, which can be calculated as the
power spectral density of thermal fluctuating forces:

s(ω) ≡
√
SFF (ω) =

√∫ +∞

−∞
dteiωt 〈F (t)F (0)〉 (11)

In the case of our coupled harmonic oscillator system, if
oscillator a is used for force sensing, then we get better
sensitivity because of the reduction in its thermal load.
The force on a harmonic oscillator is defined as

F = ṗ = −i
√

~mωa
2

(ȧ− ȧ†), (12)

so the corresponding fluctuating force in frequency do-
main can be found from Eq. (6)

Fin(ω) = −i
√

~mωa
2

[
√
γaain + i

√
Γa

(
γb

γb + Γ

)
bin − h.c.

]
(13)

Using the noise correlation functions Eq. (7), we can cal-
culate its spectral density in the narrow band limit as

SFF (ω) =

∫
dω′ 〈|Fin(ω)Fin(ω′)|〉

=
~mωa

2

[
γa + Γa

(
γb

γb + Γ

)]
(2n̄+ 1)

≈ m
[
γa +

4λ2γb
(γb + Γ)2

]
kBT

=

[
1 +

Cab
(1 + COM)2

]
mγakBT (14)

where we recall COM = Γ/γb is the optomechanical co-

operativity and Cab = 4λ2

γaγb
is the cooperativity between

a and b. When the optically induced damping rate Γ is
large compared to γb, we have substantial noise reduc-
tion and thus improved sensitivity for the device com-
pared to conventional optomechanical cooling. In the
latter case, we could have the noise floor of Eq. (14) but
with COM = 0.

Here we proposed an efficient scheme for cooling a har-
monic oscillator by decreasing dissipation via optome-
chanical cooling. We studied the practical conditions to
realize this cooling scheme, and also identified a realistic
optomechanical design that has the potential to realize
it. Potential applications include mechanics based force
sensing, and other related areas where reducing the ther-
mal load via non-conventional techniques is need.
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